
HOMEWORK #5 - DUE MAR 3 , AT 5PM

(Although I will not be around from thursday afternoon to monday
morning, so just make sure I find your homework by then)

Exercise 1 (Geodesics on the Sasaki metric on TM). Given a Riemannian manifold
(M, 〈, 〉), let�,� the metric on TM we defined last week (this is sometimes called
the Sasaki metric on TM). Use the result from last week’s homework to prove the
following:

(1) The geodesic vector field G is everywhere horizontal (i.e. G(p,v) ∈ H(p,v)).
(2) Suppose that α, β : [0, 1] → TM , α(t) = (p(t), v(t)), β(t) = (p(t), w(t))

are curves projecting to the same curve p(t). Prove that if v(t) is parallel,
`(β) ≥ `(α) (`=length) with equality if and only if w(t) is parallel as well.

(3) Prove that the integral curves ofG are geodesics in the metric above. (Hint:
if γ : [0, 1]→ TM is an integral curve of G, prove that `(γ) = `(π ◦ γ) and
that around any t0 ∈ (0, 1), any curve α(t) between γ(t0 − ε) and γ(t0 − ε)
satisfies `(α) ≥ `(π ◦ α)).

Exercise 2 (Metrics of Lie groups with bi-invariant metric). Let G be a Lie group,
g = TeL its Lie algebra. Recall that, for any inner product 〈, 〉e on g, there is a
left-invariant metric on G. A metric 〈, 〉 on G is called bi-invariant if any of the
following conditions is satisfied:

• 〈, 〉 is invariant under left translations and right translations.
• the inner product 〈, 〉e : g × g → R satisfies 〈[x, y], z〉e = −〈y, [x, z]〉e for

any x, y, z ∈ g, where [·, ·] is the Lie bracket in g defined last time.

(We will give for granted that the two conditions are equivalent).

(1) Prove that for any left invariant vector fieldX, the integral curve c : (a, b)→
R of X with c(0) = e satisfies c(t+s) = c(t)·c(s) whenever s, t, s+t ∈ (a, b).

(2) Prove that the integral curve c in the previous point is actually defined for
all t ∈ R. (we call c(t) =: etx, x = Xe ∈ g - the notation makes sense
because point (1) can be rephrased as e(t+s)x = etxesx).

(3) Prove that if G carries a bi-invariant metric, the integral curves c(t) in the
point before are in fact geodesics (and in fact expe(tx)) = etx. (Hint:
Use the formula that defines the Levi Civita connection, and apply it to
left-invariant vector fields).

Exercise 3 (Isometries). Given an isometry φ : M → N between Riemannian
manifolds, prove that φ takes geodesics to geodesics. More precisely, φ(expp tv) =
expφ(p) tφ∗v.
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