
HOMEWORK #11 “SHORT” - DUE APR 27, AT NOON

Exercise 1 (Orientable double cover). Prove that any simply connected manifold
is orientable.

Exercise 2 (Totally geodesic submanifolds). Fiven an isometric immersion M →
M̄ we will prove in class that the following two conditions are equivalent:

• The second fundamental form of M is zero.
• Every geodesic of M is a geodesic of M̄ as well.

If either (hence both) of these conditions hold, we say that the immersion is totally
geodesic. Prove the following:

(1) Let N1, N2 ⊂M be two complete, totally geodesic submanifolds of M , such
that p ∈ N1 ∩N2 and TpN1 = TpN2. Prove that N1 = N2.

(2) Use the previous point to prove that a submanifold of Rn is totally geodesic
if and only if it is an affine plane (you can feel free to assume that affine
planes are totally geodesic in Rn, but if you want to go the extra mile, you
can prove that as well!)

Exercise 3 (Fixed points of isometries). Let φ : Mm →Mm an isometry, and let
Mφ = {q ∈M | φ(q) = q} be the set of points fixed by φ. Let p ∈Mφ.

(1) Prove that, given a normal ball Bε(p) around p ∈ Mφ, prove that the
set Mφ ∩ Bε(p) is a manifold, and the injection N → M is an injective
immersion.

(2) Prove that N is totally geodesic.

Exercise 4 (Product manifold). Let M = M1 ×M2 be a product manifold, with
product metric g1 × g2.

(1) Prove that, letting Ri denote the Riemann curvature operator of Mi, i =
1, 2, the curvature operator R of M1 ×M2 satisfies

R
(
(x1, x2), (y1, y2)

)
(z1, z2) = (R1(x1, y1)z1, R

2(x2, y2)z2)

for every (x1, x2), (y1, y2), (z1, z2) ∈ T(p1,p2)(M1 ×M2) = Tp1M1 × Tp2M2.
(2) Prove that if (Mi, gi) have secMi ≥ 0 for i = 1, 2, then (M1 ×M2, g1 × g2)

has sec ≥ 0 as well.

Exercise 5 (Surfaces containing lines). LetN be a complete surface in R3. Suppose
that through every point in N there is a line of R3 contained in N . Must N be a
flat plane? What if through every point N contains 2 lines? What if through every
point N contains 3 lines?

Exercise 6 (Curvature). Prove that if Mn has sec ≥ k for some constant k, then
it has Ric > (n − 1)k. Also, prove that if (M, g) has sec > a or Ric > b and
π : M ′ → M is a covering map, then (M ′, π∗g) has the same curvature bounds as
M .
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