
HOMEWORK #1 - DUE FEB 1, AT NOON

Exercise 1 (Moebius strip). In class we mentioned the fact that if M is an ori-
entable manifold and G is a group with a smooth, properly discontinuous action
on M , then M/G is a manifold, and it is orientable if and only if the action of G
preserves the orientation of M .

Use this result to show that the quotients R2/Z by the action m · (x, y) :=
(x+m, (−1)my) is a smooth, non orientable manifold. This manifold is the Moebius
strip.

Exercise 2 (Real projective space). Let Sn be the n-dimensional sphere, and con-
sider the action of Z/2Z = {1,−1} on Sn by ±1 · x = ±x, where x = (x0, . . . xn) ∈
Sn.

(1) Prove that Sn is orientable. [Hint: use the stereographic projections, see
Hw. 0, except add a “-1” in front of the first component of x+]

(2) Prove that the action is properly discontinuous. The action is also smooth,
you do not have to prove it (unless you do not believe me, then prove this
as well). In particular, the quotient Sn/Z2 is a smooth manifold, called the
real projective space and denoted RPn.

(3) Prove that Z2 preserves the orientation of Sn if and only if n is odd. Use
this fact to prove that RPn is orientable if and only if n is odd.

Exercise 3 (Orientability of tangent bundle). Prove that for every manifold M ,
the tangent bundle TM is always orientable, independently of the orientability of
M .

[Hint: use the charts shown in class]

Exercise 4 (Lie groups). A Lie group is a smooth manifold G, together with
a neutral element e, a smooth (multiplication) map m : G × G → G (denote
m(g, h) =: gh) and a smooth (inverse) map ι : G→ G (denote ι(g) =: g−1), which
satisfy the axioms of groups. In other words, Lie groups are both manifolds and
groups at the same time, and the two structures are compatible. For any g ∈ G,
denote Lg : G → G the map Lg(h) = gh (left multiplication) and Rg : G → G
the map Rg(h) = hg (right multiplication). The tangent space of G at the neutral
element e, TeG is called the Lie algebra of G and denoted by g.

Letting G × g
π1→ G denote the trivial vector bundle over G, with fiber g, prove

that the map ψ : TG → G × g sending (g, v) ∈ TgG to (g, dLg−1v) is a diffeomor-
phism, such that π1 ◦ ψ = π and such that the restriction to each fiber is a linear
isomorphism (TG and G× g are isomorphic smooth vector bundles).

Exercise 5 (Extending vectors to sections). Let π : E → M be a smooth vector
bundle, and let x ∈ Ep(= π−1(p)) for some p ∈ E. Prove that there exists a global
section σ ∈ Γ(E) such that σ(p) = x.
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